DEFINITION 2.2. Let ξ = {C<, i = 1, •••,?} be a tower and let S be an automorphism. We say that S maps the elements of the tower almost cyclically if there exists an integer m, 1 ^ m ^ q such that the collection of sets {S k C m , k = 0, •••,#} is the same as the collection (without order) of sets which make up the tower ξ. DEFINITION 2.3. Let {ξ(n)} be a sequence of towers. By we mean the class of automorphisms S with the property that there exists an integer N(S) such that for n ^ N(S), S maps the elements of ξ(n) almost cyclically. DEFINITION 2.4. Let f (1) and f (2) be towers, ξ(1) = {C M , i = 1, ..., q(l)} and f(2) -{C 2ti i = 1, ..., ?(2)}. We write f(l) < ξ(2) if each set of ξ(l) is the sum of some of the sets of ξ(2). We say that a sequence of towers {ξ(n)} is nested if ξ(n) < f(w + 1), n = 1, 2, 3, LEMMA 
Lβί {£(?&)} δe α nested sequence of towers such that ξ(n) -* ε as w -»co. Γ/^e^ ίfeβ set of automorphisms ^£ ({S(n)}) is dense in <2S.
Proof. Let Γe^. We suppose first that T is antiperiodic, and we need to show that in each neighborhood of T there is an automorphism S' G ^///. Let JBΊ, * ,E k e% and ε lf , ε k define the neighborhood, i.e., the neighborhood is given by {S: μ{SE, A TEd < e 19 . , μ(SE k A TE k ) < ε k ) .
It follows from [3 p. 71] , T k A s }, k = 0, ., m. Since £(w) -* ε for each ε' > 0 there is an N such that each of the sets in the finite collection jy = (JΓ=o J&ί c & n be written as the sum of some of the sets in ζ(N) using these sets at most once and, for each ί, 1 <^ ί ^ s, using the same number of sets to represent the sets T k A i9 k -0, , m, with a total error of ε' (in the sense of the measure of the symmetric difference). We let ζ(N) = {C nΛ , i = 1, , q(N)} and define S' on {C n>i , ί = 1, •••, q(N)} arbitrarily but so as to map C N , r linearly onto C NtP provided C Nyr was used to represent T j A ι and C NiP was used to represent T ί+1 A l9 j = 0, , m -1, I = 1, , s. On the remaining C NΛ S' is defined arbitrarily but so as to have S' map the intervals of {C N>i , i = 1, •••, q(n)} almost cyclically onto each other. We next extend S' (so that it is defined on X) in stages, so as to have S'e ^/ί({ξ{n)}). It is clear that by taking ε and ε' sufficiently small, S f will be in the required neighborhood. We next suppose that T is periodic of periodic m so that there exists a set E such that the sets E, TE, •••, T m E are pairwise disjoint and have union equal to X. The automorphism S' is defined as in the anti-periodic case, so as to map C N , r onto C N , P provided C N>r was used to represent T j A ι and C NiP to represent T j+1 A t for j = 0, , m -1,1 -1, , S. We also, however, define S' so as to map a set of the form C Nfr onto a set of the form C lV>p provided C N , r was used to represent T m A ι and C^p was used to represent A lf also arbitrarily, but in such a way that S m C N , r Φ C N , P . It is clear that by taking ε sufficiently small (ε' is not present in this case), S' will again be in the required neighborhood.
To complete the proof, we consider an arbitrary automorphism T and apply the arguments already given to its anti-periodic and periodic components.
3. Principal definitions. We first give an extended version of the type of approximation referred to in [4] as cyclic approximation by periodic transformations with speed f(n). We have preferred to call this type of approximation cyclic with speed f(n) since the definition we give does not require that the T n be periodic. DEFINITION 3.1. We say that the automorphism T admits of (cyclic) approximation with speed f(n) if we can find towers ξ(n) with A ζ{n) = A{n) c X composed of a finite number q(n) of measurable sets
, q(n) and automorphisms T n defined on
and where μ w is defined for measurable subsets B of A(τ&) by setting
REMARK 3.1. The automorphism T w is not necessarily periodic on A(n), although the transformation it defines on the factor space A(n)/ζ(n) is and has period q(n). REMARK 3.2. A simple calculation shows that an automorphism admits of cyclic approximation by periodic transformations with speed f(n) in the sense of Katok and Stepin if and only if it admits of cyclic approximation with speed f(n)/2 in our sense, with A(n) == X.
We say that an automorphism T admits of approximation in m-pairs with speed f(n) if it admits of cyclic approximation with speed f(ri), and if the sequence {q(n)} 9 where q(n) is the number of elements in ζ(n), has a subsequence which is an m-pair sequence.
We next state several results obtained by Katok and Stepin in [4] . Since only minor modifications are needed in their proofs to account for our more general definition we refrain from giving the proofs. REMARK 3.4. Theorem 3.2 is obtained in [4] as a consequence of a more general result. Since we have no occasion to use it here, we chose not to state the more general result for simplicity, although it is also valid. Theorem 3.3 is obtained in [4] in a somewhat more general form, using a slightly different type of approximation which can also be put into our form. Since we make no use of the added generality we have stated the result in this way for the sake of simplicity also. 4* Main results* In this section we obtain results analogous to Theorems 3.1, 3.3, and 3.4, for automorphisms with continuous spectrum or what is the same thing as we have remarked, for automorphisms which are weakly mixing. Theorem 4.2 is a key result, as it implies that the theory is not vacuous and is used in the proofs of the remaining results. 
/(*) = Σ f(x)Xc u M) + f{x)Xm,>(x)
where χ c is the characteristic function of C. Further, since ξ(n) -> G , given ε > 0 there exists a set E = 2£(w) c A(w) of measure less than ε, q(ri) constants /Ί, •• ,/ ί(w) and a function ε(#) such that
Since f(x) is an eigenfunction with eigenvalue λ we have that 
and Z>'(w) -T q{n) D(n).

If we let S(π) = U?=i T q{n) C n>j Π C Wfi , equation (1) implies that μ(B(n)) ^ (1 -θ)(l -δ(n)) and it follows from equation (2) that for x e cE Π B(n) we have (4) ffr)=%(fj + e(x))Xc n .,^Jx).
Further, equation (3) implies that for x e cT q{n) E Π B(n) we have
Σ
Equations (4) and (5) in turn imply that
By choosing ε > 0 sufficiently small we can make the measure of F(n) as close to 1 -θ as we like, and we also have that | e(x) \ g ε, | ε'(x) \ ^ ε. Since \f(x) | -1 we may assume that \f d \ -1 (T is ergodic by Theorem 3.2) and (6) implies that on F(n)
where μ{F{n)) > 0.
Since we have assumed that {q(n)} contains an m-pair sequence we may apply (7) with q(n) = k and with q(n) = 1 + mk to obtain in ) is obtained by splitting the stack associated with ζ into k consecutive and equal substacks, and placing the second over the first and then the third over the second until finally we place the kϊh substack over the first k -1 substacks arranged one over the other. (m) , ί = 1,2} is a 1-tower. We next suppose that R n and rj(n) are given and define R n+1 and η{n + 1) inductively as follows. We first form τ(m, Ύ](n)) (see Definition 4.3) and then remove from the right side of R n an interval I(n) of length equal to the length of the intervals in τ(m, Ύ](n)), and then define
where p(n) is the 1-tower consisting of the single interval I(n) (so that p(n) = {I(n)}).
REMARK 4.1. Definition 4.4 gives us a sequence of intervals {R n (m)} such that for each fixed m, μ(R n (m)) -»0 as n -+ <^ and a sequence of 1-towers {η(n, m)} such that for each fixed m, {η(n, m)} is a nested sequence of towers with η(n, m) -> e as n -> co. REMARK 4.2. The geometric interpretation of Definition 4.4 is the following. We start with three consecutive intervals, the last two of which have the same length. The lengths of the three intervals are chosen so that they add to one and so that the length of the first is just enough to permit the following sequence of operations. At the outset we suppose that the last two intervals are stacked, with the third over the second. This stack is split into m equal substacks which are stacked in order, and an extra interval is extracted from the right hand side of the first interval. This yields an interval and a stack (composed of 2m + 1 intervals). We then repeat, obtaining an interval and a stack (composed of m(2m + 1) + 1 intervals), and so on. where {η(n, m)} is the sequence of towers of Definition 4.4. It follows easily from Remark 4.1 that T is an automorphism which is well defined. We next define T n on \Jf£ D nti , where
as T{Ύ](n + 1)) on the domain of T(η(n + 1)) (which is contained in \Ji=iD nti ), and as the linear map of D n+uq{n+ί) onto D n+1}1 .
If we define T n in this way, then T n maps the sets D n , i9 i -1, , q(n) cyclically in order and we also have that
mq(n)
Since the other conditions are satisfied by Remarks 4.1 and 4.3, we see that T admits of approximation in m-pairs with speed θ/n, θ = 1/m. 
